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Let v , v be the two fundamental weights of a symmetrizable Kac]Moody1 2
Ž .algebra g of rank two hence necessarily affine or finite , and t an element of the
Ž . Ž . lŽt .Weyl group. In this paper we construct polytopes P v , P v ; R and at 1 t 2
linear map j : R lŽt . “ h* such that for any dominant weight l s k v q k v , we1 1 2 2
Ž . l j Ž x .have Char E l s e Ýe , where the sum is over all the integral points x, of thet
Ž . Ž .polytope k P v q k P v . Furthermore, we show that there exists a flat1 t 1 2 t 2
deformation of the Schubert variety S into the toric variety defined byt
Ž . Ž .P v , P v . Q 2000 Academic Presst 1 t 2
INTRODUCTION
Much progress has been made in constructing a polytope P, such that
the integral points in kP describe the weights of the irreducible represen-
Ž .tation V kl of highest weight kl of a finite or affine Kac]Moody algebra
g. Such polytopes have already been built as the intersection of a set of
w xhalf-spaces, defined by l, with a fixed cone. See, for example, 2, 3 , where
w xthese cones are built using Gelfand]Tsetlin patterns and 18 , in which
Ž .such cones are built for any Demazure module using path operators. In
w x4, 5 , we constructed simplicial complexes, with vertices indexed by the
Weyl group W, satisfying the above. However, here we would like to build
the polytope P as the Minkowski sum of n fixed polytopes, where n is the
w xrank of g , and we show how this is done when n s 2. In 6 , we could show
Ža similar result for irreducible representations and certain Demazure
. Ž .modules of sl m .
60
0021-8693r00 $35.00
Copyright Q 2000 by Academic Press
All rights of reproduction in any form reserved.
POLYTOPES ASSOCIATED TO DEMAZURE MODULES 61
Ž n .Since dimension of V Ý k v , where v are the fundamental weightsis i i i
of g , is a polynomial in k , it seems natural to introduce Minkowski sums:i
more precisely to construct n fixed polytopes P , . . . , P in R l such that1 n
Ž n l. Ž n .Card Ý k P l Z s dim V Ý k v . This description does have someis1 i i is1 i i
advantages with respect to polytopes built previously. For example, our
Ž w x.polytopes are closely connected to Standard Monomial Theory see 14]16
Ž w x.and Lakshmibai]Seshadri paths see 17, 19 .
We would like to build P , such that its vertices are indexed by thei
Žquotient WrW where W is the Weyl group of g and W is the stabilizerv vi i
.of v in W . Denoting the vertices by ¤ , s g WrW , they shall also havei s v i
the property that the number of integral points in the polytope P i, which ist
the convex envelope of ¤ , s $ t , is equal to the dimension of thes ]
Ž .Demazure module E v . This is why we believe that our polytopes havet i
potential for generalization to Demazure modules using Minkowski sums
of P i.t
Another reason for the use of Minkowski decomposition is due to the
belief that there exists a flat deformation of Schubert varieties into toric
varieties. Suppose that the Schubert variety S , t g W, degenerates intot
the toric variety X. Then the line bundles L , . . . , L over S deformv v t1 n 0Ž ninto n line bundles L , . . . , L over X and we have dim H S , m1 n t is1
mk i. 0Ž n mk i. w xL s dim H X, m L for k G 0. According to 25 , the objectsi i iis1
1 n l Ž n iX, L , . . . , L define n polytopes P , . . . , P ; R , where Card Ý k P1 n t t is1 i t
l. 0Ž n mk i.l Z s dim H X, m L . Since dimension of the Demazure mod-iis1
Ž n . 0Ž n mk i. Ž wule E Ý k v is equal to the dimension of H S , m L see 1,t is1 i i t vis1 ix w x .21 for g finite dimensional and 13, 22 for g infinite dimensional , the
necessity of using Minkowski decomposition, if such a flat deformation
exists, becomes evident.
In this paper we shall consider only symmetrizable Kac]Moody algebras
Žg , of rank two these algebras are necessarily finite or affine since the rank
.of the Cartan matrix can be only two or one . We will construct polytopes
P1, P 2 ; R lŽt . such that the number of integral points in k P1 q k P 2 ist t 1 t 2 t
Ž .equal to the dimension of E k v q k v . We then show that thet 1 1 2 2
Schubert variety S deforms into the toric variety defined by the pairt
1 2 ŽP , P . To do this, we present a plan in a general setting that is, g oft t
.arbitrary rank , and we show that the plan works when g is of rank two.
1. CONJECTURES FOR KAC]MOODY ALGEBRAS OF
FINITE OR AFFINE TYPE
Let g be a finite or affine Kac]Moody algebra of rank n, b a Borel
subalgebra, and h a Cartan subalgebra in b. To every dominant weight l
Ž . Ž .we associate an irreducible representation V l , with ¤ g V l the eigen-l
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Ž .vector of weight l. Let t be an element of the Weyl group W. Then E lt
Ž y1 .denotes the subspace U t bt ¤ called the Demazure module. Finally,l
W is the stabilizer of the fundamental weight v in W.v ii
Fix an element t g W. Using the combinatorics of Lakshmibai]Seshadri
Ž . Ž w xLS paths recently defined by Littelmann in 17 , I shall first define a
Ž . Ž .polytope P v , such that the number of integral points in P v is equalt i t i
Ž . Ž .to dim E v . This combinatorics implies that m is a weight of E v ift i t i
and only if there exists a chain of elements in WrW : t % t % ??? % tv 1 r]i
and a sequence of positive rationals b , . . . , b with Ýr b s 1 such that1 r is1 i
Ž . Ž .m s b t v q ??? q b t v , where the denominators of b satisfy certain1 1 i r r i i
integrality conditions depending on t and v . This property leads us toi i
the following problem.
PROBLEM 1. Let t be the image of t in WrW . Construct a polytope withv i˜ l iŽ .integral ¤ertices P v in R such thatt i
˜Ž . Ž .  4i The ¤ertices of P v are indexed by the set w $ t . Moreo¤er, thet i ]
con¤ex en¤elope of the ¤ertices ¤ , . . . , ¤ , where t % ??? % t , is a simplext t 1 r1 r˜ Ž .and P v is triangulized by the set of such simplexes. In particular, e¤eryt i
˜ rŽ . Ž .point x of P v is written as x s Ý b ¤ , where t % ??? % t andt i is1 i t 1 ri
Ýr b s 1.is1 i
r ˜Ž . Ž . Ž .ii Let k G 1. A point Ý b k¤ of k ? P v has integral coordi-is1 i t t ii
Ž . Ž . Ž .nates if and only if m s b t kv q ??? q b t kv is a weight of E kv .1 1 1 r r r t i
w x Ž .In 6 , we could construct such polytopes for sl n .
Let l s Ýn k v be a dominant weight. By algebraic geometry argu-is1 i i
Ž .ments, we already know that dim E l is a polynomial in variables k .t i
This suggests to us to use Minkowski sums as follows: Let P , . . . , P be1 n
convex polytopes in R l. Suppose that we can write an integral point in the
Minkowski sum Ýn k P asis1 i i
n
an integral point of k P s k integral points of PÝ i i i 1
is1
q ??? q k integral points of P . 1.1Ž .n n
w xThe Ehrhart theorem 8 implies that the number of integral points in
Ýn k P is a polynomial in the variables k . Therefore, what we would likeis1 i i i
to do is the following.
˜ lŽt .Ž .PROBLEM 2. Find an embedding c : P v ¤ R such thati t i
˜Ž . Ž . Ž Ž .. Ž .i the polytopes P v s c P v satisfy property 1.1 .t i i t i
Ž . n Ž .ii the number of integral points of Ý k P v is equal tois1 i t i
Ž n .dim E Ý k v .t is1 i i
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Up to now, we could find such imbeddings for certain Demazure
Ž . Ž w x.modules of sl n see 6 .
Let now S be the Schubert variety associated to t and A the gradedt t
0Ž n mk i.algebra [ H S , m L . The algebra A is the homogeneoust v tk , . . . , k is1 i1 n
coordinate ring of the multicone over S . That is the Bt B-orbit oft
n n Ž . w x[ C¤ in [ V v , where B is a Borel subgroup of G. In 12 , it hasv iis1 is1i
been shown that the canonical homomorphism [ mn Symk i H 0k , . . . , k is11 nŽ .S , L “ A is surjective and that the kernel I is generated by quadratict v t ti w ¤ i x  4relations. In other words, A s C x rI , where i s 1, . . . , n and ¤ is at i t i
Ž .basis of eigenvectors of E v .t i
On the other hand, recall that Problem 2 provides us with n convex
Ž . Ž .polytopes P v , . . . , P v whose vertices have integral coordinates. Sett 1 t n
 a4B to be the vector space over C generated by x , where a is ank , . . . , k1 n n Ž .integral point of Ý k P v . Then B [ [ B is a gradedis1 i t i t k , . . . , kk , . . . , k 1 n1 n
algebra where the multiplication is defined by x a x b s x aqb. According to
w x25 , there exists a toric variety X equipped with fiber bundles L , . . . , Lt 1 n
0Ž n mk i.such that H X , m L , B .t i tis1
n k i 0Ž .We have a canonical homomorphism [ m Sym H X , Lt ik , . . . , k is11 nŽ .“ B . Recall that the polytopes P v satisfy property 1.1. This propertyt t i
implies
n k i 0Ž .1. the homomorphism [ m Sym H X , L “ B is sur-t i tk , . . . , k is11 n
jective.
2. the kernel J of this homomorphism is generated by quadratict
relations.
w pi x  4In other words, B s C x rJ , where i s 1, . . . , n and p is the set oft i t i
Ž . Ž .all points with integral coordinates in P v . Since property ii of Prob-t i
lem 1 sets up a natural one-to-one correspondence between the integral
Ž . Ž .points of P v and a basis of eigenvectors of E v , we have B st i t i t
w ¤ i x  4 Ž .C x rJ , where ¤ is, as before, a basis of eigenvectors of E v . Wei t i t i
hope to show the following.
PROBLEM 3. Let S be a Schubert ¤ariety. There exists a flat family o¤ert
w x w ¤ i x Ž  4C t of quotients of the graded algebra C x where i s 1, . . . , n and ¤ is ai i
Ž ..basis of eigen¤ectors of E v whose fiber o¤er 0 is the homogeneoust i
coordinate ring of the multicone o¤er the toric ¤ariety X and whose fiber o¤ert
Ž .any t y u , for 0 / u g C, is the homogeneous coordinate ring of the
multicone o¤er S .t
w xWe would like to show this using theorem 15.17 of 7 . That is, we want
w ¤ i x Ž .to find an integral weight function q on C x such that in I , J .i q t t
We shall solve Problems 1 and 2 for symmetrizable Kac]Moody alge-
Ž . Ž . Ž . Ž1. Ž2.bras of rank two. That is sl 3 , sp 4 , g finite dimensional and A , A2 1 2
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Ž .infinite dimensional . Problem 3 is solved only for finite-dimensional Lie
algebras of rank two.
The sections are organized as follows. In Section 2, we shall present
three theorems. Theorem 2.2 explains how to construct polytopes satisfying
Problem 1 for fundamental weights v , v . This theorem is proved in1 2
Section 3, where we also give some examples.
Theorem 2.4 explains how to imbed the polytopes constructed in Theo-
rem 2.2 in R lŽt .. We will sketch out the proof of this theorem in Section 4
and show all the details for g , t maximal and for AŽ1., t arbitrary in the2 1
Appendix.
The proof of Theorem 2.5 is given in Section 5. We prove this theorem
for the most difficult case: g , t maximal. We shall do this by finding2
Ž .explicitly the relations which define G rB where B is a Borel subgroup2
and show that they deform into the relations defining the corresponding
toric variety.
Finally, in Section 6, we shall give an application of Theorem 2.4. We
construct a linear map f : R lŽt . “ h* such that for the dominant weight
Ž . l f Ž x .l s k v q k v , we have Char E l s e Ýe , where the sum is over1 1 2 2 t
Ž . Ž .the integral points of k P v q k P v .1 t 1 2 t 2
2. THEOREMS FOR RANK-TWO LIE ALGEBRAS
From now on, we assume that g is of rank two. For t g W and l g Xq,
Ž . Ž .we write P l to be the set of LS paths starting in the direction w l witht
Ž w x.w $ t see 17, 19 . We denote by s the simple reflection with respect toa] i
the simple root a . Let v , where i s 1, 2, be a fundamental weight of g.i i
We recall that WrW can be identified with the subset of W consisting ofv i
Ž .elements w s s ??? s this is a reduced expression such that s s sa a a ai i i il 1 1
and l is strictly less than the length of the maximal element in W.
w x  < 4Moreover, for an element t g W, the set 1, t s w g WrW t % w ,v ]iw x where t is the image of t in WrW , is totally ordered. That is, 1, t s tv i
4s t % ??? % t s 1 .l 0
w x DEFINITION 2.1. Let t g W and t g WrW its image, with 1, t s tv i
4s t % ??? % 1 s t . Denote by a the positive roots such that t sl 0 j j
s t . Seta jy1j
j
k¤ s t l , a e , 2.1² :Ž . Ž .Ýt r r rj
rs1
l l ˜ 4 Ž .where e is the canonical basis of R . Define P v to be the convexr rs1 t i
envelope of the points ¤ s 0, ¤ , . . . , ¤ .t t t0 1 l
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˜ Ž .THEOREM 2.2. The ¤ertices of P v ha¤e integral coordinates and aret i
w xindexed by the set 1, t . Moreo¤er, there is a canonical bijection between
˜ Ž . Ž .integral points in kP v and Lakshmibai]Seshadri paths in P kv .t i t i
We shall give the proof of this theorem in Section 3, where we will also
˜ Ž .specify the P v explicitly for g of rank two and arbitrary t .t i
ŽSuppose t s s ??? s g W is a reduced expression of t then i s ia a k 1i il 1 ˜ l. Ž .if k is odd and i s i if k is even . We define imbeddings c : P v ¤ Rk 2 i t i
as
x if t is not the maximal element in W ,
c x s 2.2Ž . Ž .i ½1 0, x otherwise,Ž .
and
c x s x , 0 . 2.3Ž . Ž . Ž .i2
˜Ž . Ž Ž ..DEFINITION 2.3. Define P v [ c P v .t i i t i
Ž . Ž .THEOREM 2.4. The polytopes P v and P v are such thatt 1 t 2
Ž . Ž .i they satisfy property 1.1 .
Ž .ii there is a canonical bijection between integral points of the
Ž . Ž .Minkowski sum k P v q k P v and Lakshmibai]Seshadri paths in1 t 1 2 t 2
Ž .P k v q k v .t 1 1 2 2
The proof of this theorem is briefly sketched out in Section 4. We shall
give a detailed proof for g when t is the maximal element, and for the2
affine Lie algebra AŽ1. when t is arbitrary, in Sections A.1 and A.2,1
respectively.
THEOREM 2.5. The Schubert ¤ariety S equipped with the line bundles Lt v 1
and L degenerates into the toric ¤ariety X equipped with the line bundlesv t2
Ž . Ž .defined by P v and P v .t 1 t 2
ŽWe can only prove this theorem for finite-dimensional g that is, for
Ž . Ž . . Žsl 3 , sp 4 , and g . We can also show that the deformation of GrB G2
.of rank two and B a Borel subgroup in G is compatible with the
deformation of the Schubert varieties S in GrB.t
3. PROOF OF THEOREM 2.2 AND EXAMPLES
˜ Ž .Proof of Theorem 2.2. The assertion that the vertices of P v aret i
w xindexed by 1, t is clear from Definition 2.1. For the second part, we shall
˜ Ž .give the bijection between integral points of kP v and Lakshmibai]t i
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Ž . w xSeshadri paths in P kv , but we refer the reader to section four of 4t i
for further details.
˜ lŽ . Ž .Let x be an integral point in kP v . We can write x s Ý k b ¤ ,t i js0 j t j
where b G 0 and Ýb s 1. Definej j
l f i
x s k b ¤ “ t % t % ??? % t ;ŽŽ .Ý j t l ly1 0j
js0
0 F b F b q b F ??? F b q ??? q b . 3.1Ž . Ž ..l l ly1 l 0
˜ Ž .This application is a bijection between integral points of kP v andt i
Ž .Lakshmibai]Seshadri paths in P kv .t i
˜ ˜Ž . Ž . Ž .3.1. P v and P v for sl 3t 1 t 2
Ž . ² k:Let a and a be the two simple roots of sl 3 . Recall that a , a is1 2 i j
2 when i s j and y1 when i / j. For simplicity, we denote by s thei
reflection s . With this notation, WrW s t s s s % t s s % t sa v 2 2 1 1 1 0i 1
4 Ž .1 . According to Eq. 2.1 , we then have
¤ s 0, 0 , ¤ s 0, 1 , ¤ s 1, 1 . 3.2Ž . Ž . Ž . Ž .t t t1 2 3
˜ Ž .  4Then the simplex P v is the convex envelope of ¤ . Note thatt 1 t t $tk k ]lŽt .˜ Ž .P v ; R . Due to the symmetry between a and a , the other case ist i 1 2
similar.
˜ ˜Ž . Ž . Ž .3.2. P v and P v for sp 4t 1 t 2
Ž .Let a and a be the two simple roots of sp 4 , where a is the1 2 1
² k: ² k: ² k:shorter root. Then a , a s 2, a , a s y1, and a , a s y2.i i 1 2 2 1
For simplicity, we write s s s . The set WrW s t s s s s % t si a v 3 1 2 1 2i 1
4 Ž .s s % t s s % t s 1 . According to Eq. 2.1 , we have2 1 1 1 0
¤ s 0, 0, 0 , ¤ s 0, 0, 1 , ¤ s 0, 1, 1 , ¤ s 1, 1, 1 .Ž . Ž . Ž . Ž .t t t t0 1 2 3
3.3Ž .
˜ Ž .  4And so the simplex P v is the convex envelope of ¤ . On thet 1 t t $tk k ] 4other hand, WrW s s s s s s % s s s s % s s s % s s 1 .v 3 2 1 2 2 1 2 1 2 02
Ž .Equation 2.1 gives us
¤ s 0, 0, 0 , ¤ s 0, 0, 1 , ¤ s 0, 2, 1 , ¤ s 1, 2, 1 .Ž . Ž . Ž . Ž .s s s s0 1 2 3
3.4Ž .
˜ Ž .  4And the simplex P v is the convex envelope of ¤ .t 2 s s $tk k ]
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˜ ˜Ž . Ž .3.3. P v and P v for gt 1 t 2 2
Let a and a be the two simple roots of g , where a is the shorter1 2 2 1
² k: ² k: ² k:root. We have a , a s 2, a , a s y1, a , a s y3. As before,i i 1 2 2 1
for simplicity, we write s s s . The set WrW s t s s s s s s % t si a v 5 1 2 1 2 1 4i 1
4 Ž .s s s s % t s s s s % t s s s % t s s % t s 1 . From Eq. 2.1 we2 1 2 1 3 1 2 1 2 2 1 1 1 0
get
¤ s 0, 0, 0, 0, 0 , ¤ s 0, 0, 0, 0, 1 , ¤ s 0, 0, 0, 1, 1 ,Ž . Ž . Ž .t t t0 1 2
3.5Ž .
¤ s 0, 0, 2, 1, 1 , ¤ s 0, 1, 2, 1, 1 , ¤ s 1, 1, 2, 1, 1 .Ž . Ž . Ž .t t t3 4 5
˜ Ž .  4So the simplex P v is the convex envelope of the points ¤ . Ont i t t $tk k ]the other hand, the set WrW s s s s s s s s % s s s s s s % sv 5 2 1 2 1 2 4 1 2 1 2 32
4s s s s % s s s s % s s s % s s 1 and so2 1 2 2 1 2 1 2 0
¤ s 0, 0, 0, 0, 0 , ¤ s 0, 0, 0, 0, 1 , ¤ s 0, 0, 0, 3, 1 ,Ž . Ž . Ž .s s s0 1 2
3.6Ž .
¤ s 0, 0, 2, 3, 1 , ¤ s 0, 3, 2, 3, 1 , ¤ s 1, 3, 2, 3, 1 .Ž . Ž . Ž .s s s3 4 5
˜ Ž .  4Therefore, P v is the convex envelope of the points ¤ .t 2 s s $ tk k ]
˜ ˜ Ž1.Ž . Ž .3.4. P v and P v for At 1 t 2 1
Let a and a be the two simple roots of the affine Lie algebra AŽ1..1 2 1
² k: ² k:We have a , a s 2 and a , a s y2 when i / j. For simplicity, leti i i j
s s s . Consider t s s ??? s g WrW . Then i s 1 if i is odd and 2 ifi a i i v k ki l 1 1w x  <i is pair. Moreover, 1, t s t t s 1 and t s s ??? s , wherek k 0 k i ik 1
41 F k F l .
˜ lŽ . Ž .Hence, according to Eq. 2.1 , P v ; R is the convex envelope oft 1
k
¤ s ie . 3.7Ž .Ýt ik
is1
Due to the symmetry between a and a , the other case is similar.1 2
˜ ˜ Ž2.Ž . Ž .3.5. P v and P v for At 1 t 2 2
Let a and a be the two simple roots of AŽ2. with a the shorter root.1 2 2 1
² k: ² k: ² k:We have a , a s 2, a , a s y1, and a , a s y4. Consideri i 1 2 2 1
t s s . . . s g WrW . Then i s 1 if i is odd and 2 if it is even. We havei i v k kl 1 1 l˜w x  < 4 Ž .1, t s t t s 1 and t s s . . . s , where 1 F k F l . Then P v ; Rk 0 k i i t 1k 1
has vertices
¤ s 2 i q 1 e q ie . 3.8Ž . Ž .Ý Ýt 2 iq1 2 ik
2 iq1Fk 2 iFk
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On the other hand, suppose t s s . . . s is an element of WrW . Theni i vl 1 2
we can assume that i s 2 if k is odd and 1 if k is even. The setk
w x  < 41, t s t t s 1 and t s s . . . s , where 1 F k F l . Therefore, ac-k 0 k i ik 1˜ lŽ . Ž .cording to Eq. 2.1 , P v is in R and its vertices aret 2
¤ s 2 i q 1 e q 4 ie . 3.9Ž . Ž .Ý Ýt 2 iq1 2 ik
2 iq1Fk 2 iFk
The dimensions of Demazure modules for AŽ1. and AŽ2. have been1 2
w xcalculated in 23 .
4. PROOF OF THEOREM 2.4 AND EXAMPLES
Ž .We shall first show that an integral point in kP v can be written ast i
Ž .the sum of k integral points in P v .t i
LEMMA 4.1. Let P ; R l be a polytope with ¤ertices ¤ s 0, ¤ , . . . , ¤0 1 r
which are
j
¤ s a e , where a g N for r , 4.1Ž .Ýj r r r
rs1
 4 l land e is the canonical basis of R . Then an integral point in k ? P can ber rs1
written as the sum of k integral points of P.
Proof. The proof is by induction on k. The assertion is clear when
k s 1. So now let k ) 1. Suppose x is an integral point in k ? P. Then
x s Ýl b ¤ , where b G 0 and Ýl b s k. Observe that the e -coordi-js0 j j j js0 j r
Ž l .nate of x is a Ý b .r isr i
Let t be the smallest number such that Ýl b - 1. Setis t i
y s b ¤ q ??? q b ¤ q 1 y Ýl b ¤Ž .l l t t ist i ty1
jl l ty1
s b a e q 1 y b a eÝ Ý Ý Ýj r r i r rž / ž /ž /
jst rs1 ist rs1
l l ty1
s a b e q a e . 4.2Ž .Ý Ý Ýr i r r rž /
rst isr rs1
Note that y is a point in P. Moreover, for r s t, . . . , l, the e -coordinater
of x and y is the same, and so this coordinate is a positive integer. On the
other hand, for r s 1, . . . , t y 1, the e -coordinate of y is a , which is alsor r
a positive integer. Hence, y is a point of P with integral coordinates. We
have
l
x s y q z , where z s b y 1 ¤ q b ¤ q ??? q b ¤ .Ý i ty1 ty2 ty2 0 0ž /
isty1
4.3Ž .
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Since x and y have integral coordinates, then so does z. Moreover,
Ž l . ty2Ý b y 1 q Ý b s k y 1. Therefore, z is an integral point ofis ty1 i is0 i
Ž .k y 1 ? P. Now the assertion follows by induction.
Ž . Ž .COROLLARY 4.2. Let P v be the polytope defined in Eqs. 2.2 andt i
Ž . Ž .2.3 . Then we can write a point in kP v as a sum of k integral points int i
Ž .P v .t i
Proof. According to Definition 2.1 and Definition 2.3, the vertices of
Ž .P v satisfy the hypothesis of Lemma 4.1. Hence the result.t i
PROPOSITION 4.3. Let t s s . . . s s be a reduced expression for t .a a ai i il 2 1
Ž . Ž .Suppose x is an integral point of k P v q k P v . Then there exists an1 t 1 2 t 2
element h g W such that we can write x s x q x , where x s1 2 1
Ž .Ý a ¤ is an integral point of k P v and x sk g W r W <1$ k $h4 k k i t i 2v 1 1i ] ]1 Ž .Ý b ¤ is an integral point of k P v .s g W r W <h $ s $t 4 s s i t iv 2 2i ] ]2
Proof. We will briefly sketch out the proof here. However, in Sections
A.1 and A.2 of the Appendix, we shall show all the details for g and AŽ1.,2 1
respectively.
Ž .We denote by k respectively, s the element of length i in WrWi i i1
Ž . Ž .respectively, in WrW . Moreover, let l respectively, l be such thati 1 22
Ž .t s k in WrW respectively, t s s in WrW . Note that l s l if t isl i l i 2 11 1 2 2
Ž .maximal and l s l y 1 otherwise. Therefore, the vertices of P v are2 1 t i1
Ž .¤ , . . . , ¤ and the vertices of P v are ¤ , . . . , ¤ .k k t i s s0 l 2 0 l1 2
For simplicity of notation set ¤ s ¤ and ¤ s w . First note that therek i s ii i
exist numbers r i G 0 such that we havej
jy1
i¤ s r w q ¤ . 4.4Ž .Ýj j i 1
is1
The existence of such numbers is left to the reader. We have calculated
Ž . Ž1. Ž .them for g in Eq. A.3 and for A in Eq. A.4 . We note, however, that2 1
r i have the following properties:j
1. For all j G i q 2, we have r i s r i . Denote r i [ r i.j iq2 iq2
2. For all i and all j G i q 2, we have r i s r i q ??? q r jy2 q r jy1.iq1 j
Ž . Ž . l1 l2Since x g k P v q k P v , then x s Ý a ¤ q Ý b w , where1 t 1 2 t 2 is0 i i is0 i i
Ž .a G 0, b G 0, and Ý a s k , Ý b s k . From Eq. 4.4 we geti i iF l i i iF l i i1 1 2 2
l l2 1
x s c w q b w q a ¤ q a ¤ ,Ý Ýi i 0 0 j 1 0 0ž /is1 js1
l1
i iwhere c s b q r a q r a . 4.5Ž .Ýi i iq1 iq1 jž /jsiq2
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Using the aforementioned properties of r i, we obtain Ýl2 c s Ýl2 b qj isp i isp i
p Ž l1 . l2r Ý a . Now, let t be the smallest number such that Ý c F k .pq1 ispq1 i ist i i2
We then have
l l l2 2 2
x s c w q k y c w q c y k wÝ Ý Ýi i i i ty1 i i ty12 2ž / ž /ist ist isty1
lty2 1
q c w q a ¤ q a ¤ . 4.6Ž .Ý Ýi i j 1 0 0ž /is1 js1
ty1Ž l2 .Let d s 1rr Ý c y k and define d , 1 F j F t, by induction ast t isty1 i i j2
follows:
lt t11
jy1d s c y r d and d s a y d . 4.7Ž .Ý Ý Ýj jy1 i 1 j jjy1 ž /rj isjq1 js1 js2
l2 l2 p Ž l1 .Using Ý c s Ý b q r Ý a , by induction one can proveisp i isp i pq1 ispq1 i
l l1 21
d q ??? q d s a q b y k for 2 F j F t , 4.8Ž .Ý Ýj t i j ijy1 2ž /rjisj js1
so that
¡ ty1 l2 l11rr Ý b y k Ý a if j s t ,Ž . Ž .t isty1 i i ist i2
jy1 jy1 jy1 j l~ 2d s 1rr b q a q r rr r k y Ý b if 2 F j - t ,Ž . Ž . Ž .j j jy1 j j jq1 i isj i2
1¢a q 1rr b if j s 1.Ž .1 2 0
4.9Ž .
It follows that d G 0. Moreover, by definition of d , the sum Ýt d q aj 1 js1 j 0
s k . Finally, we havei1
l l t2 2
x s c w q k y c w q d ¤ q a ¤ . 4.10Ž .Ý Ý Ýi i i i ty1 i i 0 02ž /ist ist is1^ ‘ _^ ‘ _
xx 12
A closer look at the vertices w and ¤ reveals that c w , t F i F l , andi j i i 2
Ž l2 .k y Ý c w , and d ¤ , 1 F j F t, and a ¤ are points with integrali ist i ty1 j j 0 02
Ž .coordinates. That is, x is an integral point of k P v and x is an1 i t i 21 1
Ž .integral point of k P v . Hence, we can write x as claimed, wherei t i2 2
h s s . . . s s .i i itq 1 2 1
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w xLet l s k v q k v . Using Proposition 4.3 and theorem 10.1 of 20 ,1 1 2 2
Ž .we can give a natural bijection between integral points in k P v q1 t 1
Ž . Ž .k P v and LS paths in P l .2 t 2 t
Ž .Keep the notation as in the proof of Proposition 4.3. Suppose p g P l .t
Then there exist positive integers e , i s 1, . . . , l, such that p si
el e3 e2 e1Ž . Žf . . . f f f p , where p is the linear path from 0 to l see, fora a a a l li i i il 1 2 1
w x.example, 17 . Let
f el . . . f e3 f e2 f e1 p )p s p )p , where p g P k v .Ž . Ž .a a a a k v k v 2 1 j t i ii i i i 2 2 1 1 j jl 1 2 1
4.11Ž .
w x ŽAccording to theorem 10.1 of 20 , p s s % ??? % s ; 0 s b F b2 l ty1 l ly12
. ŽF ??? F b s 1 , where s s s . . . s s s and p s t % ??? % t ;ty1 j a a a a 1 t 0i i i ij 2 1 2.0 s a F a F ??? F a s 1 , where t s s . . . s s s . From Eq.tq1 t 0 j a a a ai i ij 1 2 1
Ž . y1Ž . y1Ž . ly1 Ž .3.1 , we obtain f p q f p s Ý k b y b w q2 2 1 1 is ty1 i i iq1 i2
t Ž . Ž . Ž .Ý k a y a ¤ , which is an integral point in k P v q k P v .is0 i i iq1 i 1 t 1 2 t 21
Ž . y1Ž . y1Ž .Define c p s f p q f p .2 2 1 1
Ž .On the other hand, suppose x is an integral point of k P v q1 t 1
Ž . Ž .k P v . Write x s x q x as in Eq. 4.10 . Then2 t 2 2 1
f x s s % ??? % s % s ; 0 F cŽ .i 2 l t ty1 l2 2 2ž
ly1
F c q c F ??? F c F k , 4.12Ž .Ýl l y1 r i2 2 2 /
rst
f x s t % ??? % t % t % t ; 0 F dŽ .i 1 t 2 1 0 t1 ž
t
F d q d F ??? F d F k . 4.13Ž .Ýt ty1 r i1 /
rs1
w x Ž . Ž .Hence, according to theorem 10.1 of 20 , the path f x )f x defines2 2 1 1
Ž .a path in P l .t
Ž . Ž .DEFINITION 4.4. Let x be an integral point in k P v q k P v .1 t 1 2 t 2
Ž . el e3 e2 e1Ž .Define f x to be the LS path f . . . f f f p , where e are defineda a a a l ii i i il 1 2 1
el e3 e2 e1Ž . Ž . Ž .by f . . . f f f p )p s f x )f x .a a a a k v k v i 2 i 1i i i i 2 2 1 1 2 1l 1 2 1 Ž .It is easy to see that f (c p s p . Hence, we have a bijection between
Ž . Ž . Ž .LS paths in P l and integral points in k P v q k P v .t 1 t 1 2 t 2
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5. PROOF OF THEOREM 2.5
As mentioned before, we can only prove Theorem 2.5 for Lie algebras of
Žrank two we believe that it is also true for affine Kac]Moody algebras of
.rank two . We do this by finding exactly the homogeneous coordinate ring
of multicone over the Schubert variety S , and give an explicit flatt
Ž Ž . Ž ..deformation into the toric variety defined by the pair P v , P v . Wet 1 t 2
will also show that the deformation of GrB is compatible with the
deformation of S ; GrB.t
However, since the calculation is rather tedious, we shall give the proof
Ž .only for the Schubert varieties of G rB the hardest case .2
This part is organized as follows. In Section 5.1, we shall study the
Ž . Ž . 2 Ž .representations V v m V v and Sym V v , since we need them toi j i
calculate the homogeneous coordinate ring of the multicone over G rB.2
In Section 5.2, we will give a Grobner basis for the homogeneous ideal¨
defining GrB and we show in Section 5.3 that this ideal degenerates to the
Ž . Ž .homogeneous ideal defining the toric variety associated to P v , P vt 1 t 2
Ž Ž . Ž . .Eqs. A.1 and A.2 give the vertices of these polytopes . Finally,
in Sections 5.4 and 5.5, we show that this deformation is compatible with
the deformation of the Schubert varieties S into the appropriate torict
varieties.
5.1. Representations of G rB whose Highest Weight is a Fundamental Weight2
w xWe follow the notation in chapter 22 of 9 . Since t is maximal, the
Schubert variety S is equal to GrB, where G s G and B is a Borelt 2
subgroup. The homogeneous coordinate ring of the multicone over GrB is
0Ž . w x[ H GrB, L . It has been shown in 12 thatll dominant
0 “ I “ Symk1 V v * m Symk 2 V v * “ V l *Ž . Ž . Ž .[ [1 2
k , k gZ l dominant1 2 G 0
“ 0, 5.1Ž .
0Ž . Ž . Žwhere we have used H GrB, L s V l *. Moreover, I the homoge-l
.neous ideal defining GrB is generated by the kernel of the homomor-
phisms
Sym2 V v * “ V 2v *, V v * m V v * “ V v q v *, 5.2Ž . Ž . Ž . Ž . Ž . Ž .i i i j i j
where i / j.
Ž .We recall that there exists an injection of g into so 7 , and the2
Ž .representation V v is induced from the standard representation of1
Ž . Ž .so 7 . The irreducible representation V v is the adjoint representation2
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Ž . Ž .of g . The weights of V v are all the short roots, and those of V v2 1 2
Ž .are all the roots plus 0. Dimension of V v is 7 and as a vector space, it is1
generated by V , V , V , U, W , W , W , where V is the highest weight4 3 1 1 3 4 4
vector of weight 2a q a , and the weight of the others respectively are1 2
a q a , a , 0 , y a , y a y a , y 2 a y a . D enote by1 2 1 1 1 2 1 2
X , . . . , X , H , H , Y , . . . , Y a basis of g , where the weights of1 6 1 2 1 6 2
X , . . . , X respectively are a , a , a q a , 2a q a , 3a q a , 3a q1 6 1 2 1 2 1 2 1 2 1
Ž2a similarly the weights of Y , . . . , Y are ya , ya , ya y a ,y 2a2 1 6 1 2 1 2 1
.y a , y3a y a ,y 3a y 2a . Note that the H generate the Cartan2 1 2 1 2 i
subalgebra. We have
Sym2 V v s V 2v [ V 0 ,Ž . Ž . Ž .1 1
Sym2 V v s V 2v [ V 2v [ V 0 ,Ž . Ž . Ž . Ž .2 2 1
V v m V v s V v q v [ V 2v [ V v . 5.3Ž . Ž . Ž . Ž . Ž . Ž .1 2 1 2 1 1
Ž . Ž .Let ¤ , u, w g V v *, x , h , y g V v * be respectively the duals ofi i 1 i i i 2
V , U, W , X , H , Y . By a direct calculation we find that the trivial represen-i i i i i
2 Ž .tation contained in Sym V v * is generated by1
¤ m w q ¤ m w q ¤ m w y u m u. 5.4Ž .4 4 3 3 1 1
2 Ž .The trivial representation contained in Sym V v * is generated by2
x m y q x m y q x m y6 6 5 5 2 2
q3 x m y q x m y q x m y q h m h y h m hŽ .4 4 3 3 1 1 1 1 1 2
qh m h . 5.5Ž .2 2
On the other hand, a very long and messy calculation gives us that the
Ž . 2 Ž .representation V 2v * contained in Sym V v * is generated by the1 2
equations of Table B.2. Continuing in this manner, the irreducible repre-
Ž . Ž . Ž .sentation V 2v * contained in V v * m V v * is generated by the1 1 2
Ž .equations of Table B.3. Finally, the irreducible representation V v * in1
Ž . Ž .V v * m V v * is generated by the equations of Table B.4.1 2
Ž w x.5.2. A Grobner Basis of G rB see 11¨ 2
w x Ž .Applying the ideas of 10, 11 verbatim to our case, in this section we
will find a suitable Grobner basis of G rB.¨ 2
Ž w x w x.We recall some notions concerning Grobner basis see 7 or 24 . If %¨
w xis a monomial order on the monomials of C x , . . . , x , then for any1 i
w x Ž .f g C x , . . . , x , we define in f to be the greatest term of f with1 i %
respect to the order % ; similarly, if w is an integral weight on the
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a1 ar Ž .monomials, then for f s Ýc x . . . x , the initial term in f is de-i i i i w1, . . . , r 1 ra1 ar Ž a1 ar .fined to be the sum of all terms c x . . . x , such that w x . . . x isi i i i i i1, . . . , r 1 r 1 r
Ž .maximal. Finally, if I is an ideal, denote by in I the ideal generated byw
Ž .in f for all f g I.w
Ž .Let E , where i s 1, 2, be the basis of the representation V v * definedi i
win the previous section. We consider the polynomial ring R [ C « g E1
x Ž .j E . According to Eq. 5.1 , the homogeneous coordinate ring of the2
multicone over G rB is RrI.2
Ž w x.DEFINITION 5.1. Define the integral weight function q see 7 on the
monomials of R as follows. First let
4 s q ¤ s q y ,Ž . Ž .1 2
3 s q ¤ s q ¤ s q u s q h s q x s q y ,Ž . Ž . Ž . Ž . Ž . Ž .4 3 2 1 3
2 s q w s q w s q x s q x s q x s q xŽ . Ž . Ž . Ž . Ž . Ž .1 3 5 4 3 2
5.6Ž .
s q h s q y s q y ,Ž . Ž . Ž .1 1 4
1 s q y s q y ,Ž . Ž .5 6
0 s q w s q x .Ž . Ž .4 6
Ž . r Ž .Then, define q « . . . « s Ý q « . We shall also define a total order1 r is1 i
% on E j E as1 2
w % w % y % w % y % y % y % y % h % u % ¤ % y4 3 6 1 5 4 3 1 1 1 2
h % x % ¤ % x % x % x % ¤ % x % x . 5.7Ž .2 1 3 2 3 4 4 5 6
From now on, we will write a monomial m of degree r in the polynomial
ring R in the form « « . . . « , where « % « % ??? % « .1 2 r 1 2 r] ] ]
Ž w x.DEFINITION 5.2 see 24, page 4 . Define $ to be the followingq
Ž .monomial order on the set of monomials of R: « . . . « $ § . . . § iff1 r q 1 s
1. r - s or
Ž . Ž .2. r s s and q « . . . « - q § . . . § or1 r 1 s
Ž . Ž .3. r s s and q « . . . « s q § . . . § and there exists an l - r1 r 1 s
such that « s § , . . . , « s § , « - § .1 1 ly1 ly1 l l
DEFINITION 5.3. Let m s « . . . « be a monomial in R, where «1 r i
Ž . Ž i i i icorrespond to the LS path f « s t % ??? % t ; 0 - a - ??? - a sj i 1 t 1 ti i
. Ž .1 the correspondence is given in Table B.1 . We call m a standard
monomial if all the following hold:
1. there exists l such that « , . . . , « g E and « , . . . , « g E ,1 l 1 lq1 r 2
2. for i - l and i ) l, we have t i % t iq1,t 1]i
3. for i s l, we have t l s % t lq1,t a 1]l 2
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Ž .and if m s « . . . « is a nonstandard monomial, then the pair i, i q 11 r
will be called a violation of standardness iff one of the following occurs:
1. there exists i such that « g E and « g E ori 2 iq1 1
2. « , « g E but t i % t iq1,i iq1 j t 1]ui
3. « g E , « g E but t i s % t iq1.i 1 iq1 2 t a 1]ui 2
Ž w x.THEOREM 5.4 see 14]16 . Standard monomials of degree k form a
0Ž mk1 mk 2 . Ž Žbasis of [ H GrB, L m L s [ V k v qv v 1 1k qk sk k qk sk1 21 2 1 2. .k v * .2 2
This theorem implies that if n is a nonstandard monomial of degree
k G 2, then n can be written in a unique way as a linear combination of
standard monomials of degree k modulo the ideal I
r
n s a s mod I , a g C, 5.8Ž .Ý i i i
is1
where s are standard. Set f s n y Ýr a s , andi n is1 i i
<F s f n is a nonstandard monomial of degree 2 . 5.9 4 Ž .2 n
In Tables B.5 and B.6, we have written down all the elements of F .2
Looking at these tables, we observe that if f s « « y Ýr a « i « i« , « 1 2 is1 i 1 21 2
Ž i i .where « « is a nonstandard monomial and « « are standard is any1 2 1 2
element of F , then2
i Ž Ž ..1. « % « for all i s 1, . . . , r order is given in Eq. 5.7 .1 1
Ž . Ž2. in f s « « . In Tables B.5 and B.6, we have underlined$ « , « 1 2q 1 2
.the initial term for each element.
w xNow using exactly the same proofs of theorems 3.6, 3.7, and 3.8 of 11 ,
we can show that the following holds.
LEMMA 5.5. F is a reduced Grobner basis for I with respect to the¨2
monomial order $ .q
 Ž . < 4 Ž . Ž .COROLLARY 5.6. The set in f f g F is a Grobner basis for in I .¨q 2 q
Ž . Ž . Ž .Proof. We have 1 q « G 0 for all « g E j E , and 2 F is a1 2 2
w xGrobner basis for I with respect to $ . Using corollary 1.9 of 24 , we¨ q
can prove the result.
Ž .In Tables B.5 and B.6, we have put in parentheses in f for all f g F .q 2
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5.3. Flat Deformation of G rB into a Toric Variety2
Let R and I be as in the previous section. According to theorem 15.17
w x w xof 7 , we have a flat family over C t of quotients of R whose fiber over 0
Ž . Ž .is Rrin I and whose fiber over any t y u for u g C* is RrI.q
Ž .Therefore, we want to prove that Rrin I is isomorphic to the homoge-q
neous coordinate ring of the multicone over the toric variety X, defined by
Ž . Ž . Ž .P v , P v t-maximal .t 1 t 2
ŽSince t is fixed it is the maximal element s s s s s s of thea a a a a a1 2 1 2 1 2
. Ž . Ž .Weyl group , for simplicity we shall write P v [ P v . As in thei t i
Ž . aIntroduction, let B k , k G 0 be the vector space generated by x ,k , k 1 21 2
Ž . Ž .where a is an integral point of k P v q k P v , and set B to be the1 1 2 2
graded algebra [ B , where the multiplication is x a x b s x aqb.k , kk , k 1 21 2w xThen, according to 25 , B is the homogeneous coordinate ring of the
multicone over a toric variety, which we denote by X. We have
0 “ J “ Symk1 B m Symk 2 B “ B “ 0. 5.10Ž .[ 1, 0 0, 1
k , k G01 2
w X X x XThis tells us that B , C p, p g E j E rJ, where E is the set of1 2 i
Ž . Ž . Ž .integral points of P v . Moreover, since P v ’s satisfy property 1.1 , J isi i
generated by the kernel of the homomorphisms
Sym2 B “ B , Sym2 B “ B , B m B “ B .1, 0 2, 0 0, 1 0, 2 1, 0 0, 1 1, 1
5.11Ž .
Ž Ž . Ž . .Compare with Eqs. 5.1 , 5.2 . This equation tells us that in order to
obtain the generators of J, one has to find all the relations among the
Ž .integral points of P v . This is what we will do. First denote the integrali
Ž .points of P v as1
0, 0, 0, 0, 0, 0 “ n , 0, 0, 0, 0, 1, 0 “ n , 0, 0, 0, 1, 1, 0 “ n ,Ž . Ž . Ž .4 3 1
0, 0, 1, 1, 1, 0 “ ¤ , 0, 0, 2, 1, 1, 0 “ ˆ , 0, 1, 2, 1, 1, 0 “ ˆ ,Ž . Ž . Ž .1 3
1, 1, 2, 1, 1, 0 “ ˆ . 5.12Ž . Ž .4
Ž .Similarly, we denote the integral points of P v by2
0, 0, 0, 0, 0, 0 “ x , 0, 0, 0, 0, 0, 1 “ x , 0, 0, 0, 0, 1, 1 “ x ,Ž . Ž . Ž .6 5 4
0, 0, 0, 0, 2, 1 “ x , 0, 0, 0, 0, 3, 1 “ x , 0, 0, 0, 1, 2, 1 “ x ,Ž . Ž . Ž .3 2 1
0, 0, 1, 1, 2, 1 “ " , 0, 0, 0, 1, 3, 1 “ " , 5.13Ž . Ž . Ž .1 2
0, 0, 1, 1, 3, 1 “ m , 0, 0, 0, 2, 3, 1 “ m , 0, 0, 1, 2, 3, 1 “ m ,Ž . Ž . Ž .1 2 3
0, 0, 2, 2, 3, 1 “ m , 0, 0, 3, 2, 3, 1 “ m , 0, 1, 3, 2, 3, 1 “ m .Ž . Ž . Ž .4 5 6
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ŽBy looking at the relations among these points, we obtain a basis of J. For
2 Ž .example, one generator of J is ˆ n y ¤ since we have 0, 0, 2, 1, 1, 0 q1 1
Ž . Ž . .0, 0, 0, 1, 1, 0 s 2 0, 0, 1, 1, 1, 0 , and so on. In this way, we find a basis of
J. This basis is given in Table B.7.
Recall that the elements in the parentheses in Tables B.5 and B.6 form
Ž .a basis of in I . Note that with the following change of variables, thisq
basis is the same as the basis of J: ¤ “ n for i s 1, 3, 4, u “ ¤ , w “ ˆi i i i
for i s 1, 3, 4, x “ x for i s 1, 2, 3, 4, 6, x “ yx , h “ " for i s 1, 2,i i 5 5 i i
y “ m for i s 1, 5, 6, and y “ ym for i s 2, 3, 4. Therefore, the ringi i i i
w x Ž .C « g E j E rin I is isomorphic to the homogeneous coordinate ring1 2 ¤
w X X xof the multicone over X which is C p g E j E rJ. Hence we obtain the1 2
desired deformation.
5.4. Flat Deformation of Schubert Varieties S , where t s s . . . s st a a aj 1 2
The homogeneous coordinate ring of multicone over the Schubert
variety S can be obtained from the homogeneous coordinate ring of thet
multicone over GrB by setting certain variables equal to zero. Explicitly,
this ring is RrI, where the variables « g E j E are set to zero if « is1 2
Ž .not an eigenvector of E v . In other words, the homogeneous coordinatet i
ring of the multicone over the Schubert variety S is R rI , wheret t t
w Ž .xR s C « an eigenweight vector of E v and a basis of I is obtainedt t i t
from Tables B.5 and B.6, where for t s s s s s s , set w s 0; fora a a a a 42 1 2 1 2
t s s s s s , set w s w s y s 0; for t s s s s , set w s w s wa a a a 4 3 6 a a a 4 3 11 2 1 2 2 1 2
s u s y s y s y s y s y s h s 0; for t s s s , set everything equal6 5 4 3 1 1 a a1 2
to zero except ¤ , ¤ , x , . . . , x ; for t s s , set everything equal to zero3 4 2 6 a 2
except ¤ , x , x .4 5 6
Now, we calculate the homogeneous coordinate ring of the multicone
Ž . Ž . wover the toric variety X defined by P v and P v . This ring is C p ant t 1 t 2
Ž .xintegral point of P v rJ , where a basis of J is obtained from the basist i t t
of J given in Table B.7 by setting equal to zero the points p which do not
Ž . Ž .belong to either P v or P v . Explicitly, for t s s s s s s , sett 1 t 2 a a a a a2 1 2 1 2
ˆ s 0; for t s s s s s , set ˆ s ˆ s m s 0; for t s s s s , set4 a a a a 4 3 6 a a a1 2 1 2 2 1 2
ˆ s ˆ s ˆ s ¤ s m s m s m s m s m s " s 0; for t s s s ,4 3 1 6 5 4 3 1 1 a a1 2
set everything equal to zero except n , n , x , . . . , x ; for t s s , set3 4 2 6 a 2
everything equal to zero except n , x , x .4 5 6
It is easy to see that the same change of variables as in the previous
section shows that the homogeneous coordinate ring of the multicone over
Ž .X is isomorphic to the ring R rin I . Thus we obtain the deformation.t t q t
5.5. Flat Deformation of Schubert Varieties S , where t s s . . . s st a a aj 2 1
As mentioned in Section 5.4, we can calculate the homogeneous coordi-
nate ring of the multicone over S using the homogeneous coordinate ringt
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of the multicone over G rB by setting certain variables equal to zero.2
Explicitly, for t s s s s s s , set y s 0; for t s s s s s , set y sa a a a a 6 a a a a 61 2 1 2 1 2 1 2 1
y s y s y s y s h s w s 0; for t s s s s , set y s h s h s x5 4 3 1 1 4 a a a i 1 2 11 2 1
s w s w s 0, where i s 1, . . . , 6; for t s s s , set everything equal to4 3 a a2 1
zero except x , x , ¤ , ¤ , ¤ ; for t s s , set everything equal to zero except5 6 1 3 4 a1
x , ¤ , ¤ .6 3 4
Ž .Fix an element t s s . . . s s . Let P v be as in Section 3.3 anda a a t ij 2 1
Ž . ŽDefinition 2.3. Denote the integral points of P v when they belong tot 1
.it by
0, 0, 0, 0, 0, 0 “ ˆ , 0, 0, 0, 0, 0, 1 “ ˆ , 0, 0, 0, 0, 1, 1 “ ˆ ,Ž . Ž . Ž .4 3 1
0, 0, 0, 1, 1, 1 “ ¤ , 0, 0, 0, 2, 1, 1 “ n , 0, 0, 1, 2, 1, 1 “ n ,Ž . Ž . Ž .1 3
0, 1, 1, 2, 1, 1 “ n . 5.14Ž . Ž .4
Ž . Ž .Similarly, we denote the integral points of P v when they belong to itt 2
by
0, 0, 0, 0, 0, 0 “ m , 0, 0, 0, 0, 1, 0 “ m , 0, 0, 0, 1, 1, 0 “ m ,Ž . Ž . Ž .6 5 4
0, 0, 0, 2, 1, 0 “ m , 0, 0, 0, 3, 1, 0 “ m , 0, 0, 1, 2, 1, 0 “ m ,Ž . Ž . Ž .3 2 1
0, 1, 1, 2, 1, 0 “ " , 0, 0, 1, 3, 1, 0 “ " , 5.15Ž . Ž . Ž .1 2
0, 1, 1, 3, 1, 0 “ x , 0, 0, 2, 3, 1, 0 “ x , 0, 1, 2, 3, 1, 0 “ x ,Ž . Ž . Ž .1 2 3
0, 2, 2, 3, 1, 0 “ x , 0, 3, 2, 3, 1, 0 “ x , 1, 3, 2, 3, 1, 0 “ x .Ž . Ž . Ž .4 5 6
Now for the homogeneous coordinate ring of the multicone over the
Ž . Ž . wtoric variety X defined by P v , P v . This ring is C p an integralt t 1 t 2
Ž .xpoint of P v rJ . A basis of J is given in Table B.7, where we set equalt i t t
Ž . Ž .to zero the points which do not belong to P v or P v . Explicitly, fort 1 t 2
t s s s s s s , set x s 0; for t s s s s s , set x s x s x s xa a a a a 6 a a a a 6 5 4 31 2 1 2 1 2 1 2 1
s x s " s n s 0; for t s s s s , set x s " s " s m s n s n s1 1 4 a a a i 1 2 1 4 31 2 1
0, where i s 1, . . . , 6; for t s s s , set everything equal to zero excepta a2 1
m ,m , n , n , n ; for t s s , set everything equal to zero except m , n , n .5 6 1 3 4 a 6 3 41
The same change of variables given at the end of Section 5.3 will do the
trick.
6. APPLICATIONS
As an application of Theorem 2.4, we shall give a combinatorial descrip-
tion of weight multiplicities of a Demazure module.
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Let g be a symmetrizable Kac]Moody algebra of rank 2 and l s k v1 1
Ž .q k v a dominant weight. By the multiplicity of the weight m in E l2 2 t
 Ž . < Ž . Ž .we mean the dimension of the vector subspace ¤ g E l h ¤ s m h ¤t
4 Ž .for h g h . We denote this number by m m .l, t
w x Ž .According to the theorem on page 339 of 17 , Char E l st
p Ž1. Ž .Ý e . In other words, m m is the number of LS paths endingp g P Žl. l, tt
Ž .at m. In this section, we shall show that the integral points in k P v q1 t 1
Ž .k P v corresponding to LS paths ending at m, lie on a polytope with2 t 2
rational vertices.
Throughout this section, we fix an element t of the Weyl group of
Ž .length l t s l and choose a reduced expression of t s s . . . s . De-a ai il 1
 Ž . < 4 Ž .note by D the convex envelope of the points w l w F t . Let P vl, t t i
; R l be as in Theorem 2.5.
 4 lDEFINITION 6.1. Let ¤ s Ý e and ¤ s Ý e , where e1 i odd F l i 2 i even F l i i is1
is the canonical basis of R l. Define the linear map j : R l “ h as
j x s y x ? ¤ a y x ? ¤ a , 6.1Ž . Ž . Ž . Ž .1 i 2 i1 2
where ? denotes the scalar product in R l.
Ž . Ž .LEMMA 6.2. Suppose x is an integral point of k P v q k P v , and1 t 1 2 t 2
Ž . Ž .let f x be the LS path associated to x as in Definition 4.4. Then l q j x s
ml if and only if the LS path associated to x ends at m.
Ž .Proof. As before, we denote the vertices of P v by ¤ , w g WrW ,t i w v i
where ¤ are defined in Definitions 2.1 and 2.3.w
l Ž . Ž .Let x s Ý k b ¤ be an integral point of kP v and ¤ as above.js0 j t t i ij
Ž l .² Ž . k:Note that x ? ¤ s kÝ Ý b t v , a . Similarly, x ? ¤ s kÝ1 r odd F l jsr j r i r 2 r
Ž l .² Ž . k: Ž . Ž .Ý b t v , a . Consider the path f x given in Eq. 3.1 . Itseven F l jsr j r i r i
l Ž .end point is Ý b t kv . Explicitly,js0 j j i
l
kf x 1 s kv y b t kv , a a² :Ž . Ž . Ž .Ý Ýi i j r i r i1ž /ž /r odd, rFl jsr
l
ky b t kv , a a . 6.2² :Ž . Ž .Ý Ý j r i r i2ž /ž /r even, rFl jsr
Ž . Ž .Ž .In other words, kv q j x s f x 1 .i i
Ž . Ž .Since x is an integral point of k P v q k P v , we write1 t 1 2 t 2
Ž . ai ai Ž .l 1x s x q x as in Proposition 4.3. Then f x [ f . . . f p ,1 2 a a k v qk vi i 1 1 2 2l 1
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ai ai Ž . Ž . Ž . Ž .l 1such that f . . . f p )p s f x )f x . From part a ofa a k v k v i 2 i 1i i i i i i 2 1l 1 2 2 1 1w x Ž .Ž . Ž .Ž . Ž .Ž .lemma 2.1 of 19 , we have that f x 1 s f x 1 q f x 1 . There-i 2 i 12 1
fore,
f x 1 s j x q k v q j x q k vŽ . Ž . Ž . Ž . Ž . Ž .2 i i 1 i i2 2 1 1
s j x q k v q k v . 6.3Ž . Ž . Ž .1 1 2 2
COROLLARY 6.3. Let l be a dominant weight and t an element of the
Ž . l j Ž x .Weyl group. Then we ha¤e Char E l s e Ýe , where the sum is o¤er allt
Ž . Ž .the integral points x, of k P v q k P v .1 t 1 2 t 2
APPENDIX A
A.1. Proof of Proposition 4.3 for g 2
Let the notation be as in Section 3.3. Consider the Lie algebra g and2
t s s s s s s s , which is the maximal element. Recall that the vertices of1 2 1 2 1 2
˜ 6Ž . Ž . Ž .P v are given by Eq. 3.5 . Then according to Definition 2.3, P v ; Rt 1 t 1
is the convex envelope of
¤ s 0, 0, 0, 0, 0, 0 , ¤ s 0, 0, 0, 0, 1, 0 , ¤ s 0, 0, 0, 1, 1, 0 ,Ž . Ž . Ž .t t t0 1 2
¤ s 0, 0, 2, 1, 1, 0 , ¤ s 0, 1, 2, 1, 1, 0 , ¤ s 1, 1, 2, 1, 1, 0 .Ž . Ž . Ž .t t t3 4 5
A.1Ž .
˜ Ž . Ž .On the other hand, the vertices of P v are specified in Eq. 3.6 . Sot 2
Ž . 6Theorem 2.4 implies that P v ; R is the convex envelope oft 2
¤ s 0, 0, 0, 0, 0, 0 , ¤ s 0, 0, 0, 0, 0, 1 , ¤ s 0, 0, 0, 0, 3, 1 ,Ž . Ž . Ž .s s s0 1 2
¤ s 0, 0, 0, 2, 3, 1 , ¤ s 0, 0, 3, 2, 3, 1 , ¤ s 0, 1, 3, 2, 3, 1Ž . Ž . Ž .s s s3 4 5
A.2Ž .
For simplicity of notation, denote ¤ by w and ¤ by ¤ . We shall firstt i s ii ii Ž .calculate the numbers r defined in Eq. 4.4 :j
¤ s 3w q ¤ , ¤ s 2w q w q ¤ ,2 1 1 3 2 1 1
¤ s 3r2 w q 1r2 w q w q ¤ ,Ž . Ž .4 3 2 1 1 A.3Ž .
¤ s w q 1r2 w q 1r2 w q w q ¤ .Ž . Ž .5 4 3 2 1 1
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Ž . Ž . 5 5Let x be a point in k P v q k P v . Then x s Ý a ¤ q Ý b w ,1 t 1 2 t 2 is0 i i is0 i i
where a G 0, b G 0, and Ý5 a s k , Ý5 b s k . According to identityi i is0 i 2 is0 i 1
Ž .A.3 , we then have
1 3x s b w q b q a w q b q a q a wŽ . Ž .5 5 4 5 4 3 5 4 32 2
1 1q b q a q a q 2 a w q b q a q a q a q 3a wŽ .Ž .2 5 4 3 2 1 5 4 3 2 12 2
q b w q a q ??? q a ¤ q a ¤ .Ž .0 0 1 5 1 0 0
5 Ž .Therefore, we have x s Ý c w q a q ??? q a ¤ q a ¤ . Let tis0 i i 1 5 1 0 0
be the smallest number such that Ý5 c F k . Then, consider eachis t i 2
case separately, we shall show that x and x satisfy the claim of Propo-1 2
sition 4.3.
Case 1. b F k - b q b q a . In this case, we have5 1 5 4 5
x s b w q k y b w q A ¤ q A ¤ q A ¤ q A ¤ q A ¤ q a ¤ ,Ž .5 5 1 5 4 5 5 4 4 3 3 2 2 1 1 0 0^ ‘ _ ^ ‘ _
x x1 2where
A s a q b q b y k ,Ž .5 5 5 4 1
A s a q 2r3 b q 1r3 k y b y b ,Ž . Ž .4 4 3 1 5 4
A s a q 1r2 b q 1r6 k y b y b y b ,Ž . Ž .3 3 2 1 5 4 3
A s a q 1r3 b q 1r6 k y b y b y b y b ,Ž . Ž .2 2 1 1 5 4 3 2
A s a q 1r3 k y b y b y b y b y b .Ž . Ž .1 1 1 5 4 3 2 1
Ž . 6A close look reveals that a w , k y a w , A ¤ are integral points in R .5 5 1 5 4 i i
We have A q ??? q A q a s k . Hence, x is an integral point of5 1 0 2 1
Ž . Ž .k P v and x is an integral point of k P v .1 t 1 2 2 t 2
Ž .Case 2. b q b q a F k - b q b q b q 3r2 a q a . In this5 4 5 1 5 4 3 5 4
case, x s x q x , where1 2
x s b w q b q a w q k y b y b y a w ,Ž . Ž .1 5 5 4 5 4 1 5 4 5 3
x s AX ¤ q A ¤ q A ¤ q A ¤ q a ¤ .2 4 4 3 3 2 2 1 1 0 0
X Ž .Here A s 2r3 b q b q b y k q a q a . Observe that each term is4 5 4 3 1 5 4
an integral point of R6 and that AX q A q A q A q b s k . So x can4 3 2 1 0 2
Ž .be written as the sum of an integral point in k P v and an integral1 t 1
Ž .point in k P v .2 t 2
Ž .Case 3. b q b q b q 3r2 a q a F k - b q b q b q b q5 4 3 5 4 1 5 4 3 2
Ž .2 a q a q a . In this case, we could rewrite x s x q x as5 4 3 1 2
1 3x s b w q b q a w q b q b q b wŽ . Ž .1 5 5 4 5 4 3 5 4 32 2
3q k y b y b y b y a q a w ,Ž .Ž .1 5 4 3 5 4 22
x s AX ¤ q A ¤ q A ¤ q a ¤ ,2 3 3 2 2 1 1 0 0
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X Ž .where A s a q a q a y 1r2 b q b . Each term is an integral point3 5 4 3 0 1
and AX q A q A q b s k ; we see that x is an integral point in3 2 1 0 2 i
Ž .k P v .i t i
Ž .Case 4. b q b q b q 2 a q a q a F k - b q b q b q b q5 4 2 5 4 3 1 5 4 3 2
Ž .b q 3 a q a q a q a . In this case, x s x q x can be written as1 5 4 3 2 1 2
1 3x s b w q b q a w q b q a q a wŽ . Ž .1 5 5 4 5 4 3 5 4 32 2
1 1q b q a q a q 2 a wŽ .2 5 4 3 22 2
q k y b y b y b y b y 2 a q a q a w ,Ž .Ž .1 5 4 3 2 5 4 3 1
x s AX ¤ q A ¤ q a ¤ ,2 2 2 1 1 0 0
X Ž .where A s a q a q a q a y 1r3 b . Each term is an integral point2 5 4 3 2 0
X Ž .and A q A q b s k . So x is an integral point of k P v .2 1 0 2 i i t i
Ž .Case 5. b q b q b q b q b q 3 a q a q a q a F k . In this5 4 3 2 1 5 4 3 2 1
case, we write x s x q x as1 2
1 3x s b w q b q a w q b q a q a wŽ . Ž .1 5 5 4 5 4 3 5 4 32 2
1 1q b q a q a q 2 a w q b q a q a q a q 3a w ,Ž .Ž .2 5 4 3 2 1 5 4 3 2 12 2
x s a q ??? qa ¤ a ¤ .Ž .1 1 5 q 0 0
All the terms of the sums are integral points so that x is an integral pointi
Ž .of k P v .i t i
A.2. Proof of Proposition 4.3 for AŽ1.1
Ž1. ŽConsider the Kac]Moody algebra A and let t s s . . . s s s we use1 i 1 2 1l
. Ž . Ž . lthe notation of Section 3.4 , with l t s l. Then P v ; R is thet 1
 4 l Ž Ž . .convex envelope of ¤ see Eq. 3.7 and Definition 2.3 ,i is0
¤ s 0, . . . , 0, i , i y 1, . . . , 2, 1Ž .i
Ž . l  4 ly1 Ž Ž .and P v ; R is the convex envelope of w see Eq. 3.7 andt 2 i is0
.Definition 2.3 ,
w s 0, . . . , 0, i , i y 1, . . . , 2, 1, 0 .Ž .i
Ž . Ž . Ž .Step 1. We first show that P v and P v satisfy property 1.1 . Int 1 t 2
Ž . Ž .order to do this, we write an integral point in k P v q k P v as the1 t 1 2 t 2
Ž . Ž .sum of an integral point in k P v and an integral point in k P v .1 t 1 2 t 2
The rest follows from Corollary 4.2. Observe that
jy2j 1
¤ s w q w q ¤ , where j s 2, . . . , l. A.4Ž .Ýj jy1 i 1j y 1 i i q 1Ž .is1
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l ly1 ŽLet x s Ý a ¤ q Ý b w where a G 0, b G 0, Ýa s k , and Ýbis0 i i is0 i i i i i 1 i
. Ž . Ž . Ž .s k be a point of k P v q k P v . In view of identity A.4 , we2 1 t 1 2 t 2
rewrite x as
ly1 l
x s c w q b w q a ¤ q a ¤ ,Ý Ýi i 0 0 j 1 0 0ž /is1 js1
li q 1 1
where c s b q a q a .Ýi i iq1 jž /i i i q 1Ž . jsiq2
Now, let t be the smallest number such that Ýly1c F k . We then haveis t i 2
ly1 ly1 ly1
x s c w q k y c w q c y k wÝ Ý Ýi i 2 i ty1 i 2 ty1ž / ž /
ist ist isty1
ty2 l
q c w q a ¤ q a ¤ .Ý Ýi i j 1 0 0ž /is1 js1
Ž . Ž ly1 .PROPOSITION A.1. Let d s t y 1 rt Ý c y k and define d , 2 Ft isty1 i 2 j
j - t, by induction as follows:
tj y 1 1
d s c y d .Ýj jy1 iž /j j j y 1Ž . isjq1
Then d G 0, and we ha¤er
ly1 ly1 t 1
x s c w q k y c w q d ¤ q b q a ¤ q a ¤ ,Ý Ý Ýi i 2 i ty1 i i 0 1 1 0 0ž /ž / 2ist ist is2^ ‘ _ ^ ‘ _
x x2 1 A.5Ž .
Ž .where x is a point of k P v for i s 1, 2.i i t i
Proof. First observe that
ly1 ty2 l
c y k w q c w q a ¤Ý Ý Ýi 2 ty1 i i j 1ž / ž /isty1 is1 js1
t iy2 l ti 1
s d w q w q ¤ q a y d ¤Ý Ý Ý Ýi iy1 j 1 j j 1ž / ž /i y 1 j j q 1Ž .is2 js1 js1 js2
t
s d ¤ q 1r2b q a ¤ ,Ž .Ý i i 0 1 1
is2
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Ž .where the last equality follows from Eq. A.4 . This then proves the second
part of the proposition.
To prove the nonnegativity of d , note that according to definition of t,r
ly1 Ž ly1 .we have d G 0. On the other hand, using Ý c s Ý bt rsa r rsa r
a q 1 lŽ .q Ý a , it follows after some long calculation thatrsaq1 ra
t y 1 ly1 l¡ Ý b y k q Ý a , if j s t ,Ž .is ty1 i 2 ist it~d sj j y 1 1 ly1b q a q k y Ý b , if 2 F r - t ,¢ Ž .jy1 j 2 isj ij j j q 1Ž .
Ž .and so d G 0 for all 2 F j F t. That x belongs to k P v is ratherj 2 2 t 22t Ž .Ž ly1 . ltrivial. For x use the fact that Ý d s 1r2 Ý b y k q Ý a .1 is2 i is1 i 2 is2 i
Ž .According to Eq. A.5 , x can be written as x s x q x , where x g2 1 i
Ž .k P v . Looking closely at the coordinates of x and x , it is easy to seei t i i
Ž . Ž .that x is an integral point of k P v q k P v if and only if x are1 t 1 2 t 2 i
Ž .integral points of k P v . We are therefore done.i t i
APPENDIX B
Ž .We shall first write down the LS paths to which ¤ , u, w g V v *,j j 1
Ž .j s 1, 3, 4, and x , h , h , y g V v *, i s 1, . . . , 6, correspond. Let t si 1 2 i 2 5
s s s s s , t s s s s s , t s s s s , t s s s , t s s g WrW , and1 2 1 2 1 4 2 1 2 1 3 1 2 1 2 2 1 1 1 v 1
s s s s s s s , s s s s s s , s s s s s , s s s s , s s s g WrW5 1 2 1 2 1 4 2 1 2 1 3 1 2 1 2 2 1 1 1 v 2
be as in Section 2.3. Then the identities in Table B.1 hold.
Ž . 2 Ž .In Eq. 5.3 , we gave the decomposition of Sym V v *, i s 1, 2, andi
Ž . Ž .V v * m V v * into irreducible representations. According to this,1 2
Ž . 2 Ž .V 2v * is isomorphic to a summand of Sym V v *. In Table B.2, we1 i
have written down the elements which generate this representation in
2 Ž . Ž . Ž .Sym V v *. Similarly, V 2v * and V v * are isomorphic to direct2 i 1
Ž . Ž .summands of V v * m V v *. In Table B.4, we give the generators of1 2
Ž .the summand isomorphic to V v * and in Table B.3, the generators of1
Ž .the summand isomorphic to V 2v *; clearly column two specifies the1
weight of the corresponding generator in column three.
In Tables B.5 and B.6, we give the generators of I, the homogeneous
ideal defining GrB. The number of each equation explains how it is
obtained from the corresponding equations in Tables B.2, B.3, and B.4.
The first generator of Table B.5, ¤ w q ¤ w q ¤ w y u2, is obtained4 4 3 3 1 1
Ž . Ž .from Eq. 5.4 and equation number 0 refers to the generator obtained
Ž .from Eq. 5.5 .
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TABLE B.1
Ž . Ž .¤ l 1; 0 - 1 ¤ l t ; 0 - 14 3 1
Ž . Ž .¤ l t ; 0 - 1 u l t % t ; 0 - 1r2 - 11 2 3 2
Ž . Ž .w l t ; 0 - 1 w l t ; 0 - 11 3 3 4
Ž .w l t ; 0 - 14 5
Ž . Ž .x l 1; 0 - 1 x l s ; 0 - 16 5 1
Ž . Ž .x l s % s ; 0 - 1r3 - 1 x l s % s ; 0 - 2r3 - 14 2 1 3 2 1
Ž . Ž .x l s ; 0 - 1 x l s % s % s ; 0 - 1r2 - 2r3 - 12 2 1 3 2 1
Ž . Ž .h l s % s % s % s ; 0 - 1r2 - 2r3 - 1 h l s % s ; 0 - 1r2 - 11 4 3 2 1 2 3 2
Ž . Ž .y l s % s % s ; 0 - 1r3 - 1r2 - 1 y l s ; 0 - 11 4 3 2 2 3
Ž . Ž .y l s % s ; 0 - 1r3 - 1 y l s % s ; 0 - 2r3 - 13 4 3 4 4 3
Ž . Ž .y l s ; 0 - 1 y l s ; 0 - 15 4 6 5
TABLE B.2
weight eigenweight vector
Ž .1 4a q 2a x m x y x m x y x m x1 2 1 6 3 5 4 4
Ž . Ž .2 3a q 2a 2h y h m x q x m x q x m x1 2 1 2 6 2 5 3 4
Ž .3 2a q 2a y m x y x m x q x m x1 2 1 6 2 4 3 3
Ž . Ž .4 3a q a y m x q h y h m x q x m x1 2 2 6 2 1 5 1 4
Ž .5 2a y m x y y m x y x m x1 3 5 2 4 1 1
Ž .6 a y m x q y m x y h m x2 5 6 1 3 1 2
Ž .7 2a q a 2 y m x q y m x q h m x y x m x1 2 3 6 1 5 2 4 1 3
Ž .8 2a q a y m x q y m x q h m x1 2 3 6 1 5 1 4
Ž .9 a q a 2 y m x q y m x y h m x q x m x1 2 4 6 1 4 2 3 1 2
Ž .10 a q a y m x q y m x y h m x1 2 4 6 1 4 1 3
Ž .11 a y m x y 2 y m x y y m x y h m x1 4 5 3 4 2 3 2 1
Ž .12 a y m x y y m x y h m x1 4 5 3 4 1 1
Ž .13 0 y m x q y m x y y m x y y m x q 2h m h y h m h5 5 4 4 3 3 2 2 1 2 2 2
Ž .14 0 y m x y y m x q y m x y y m x q 2h m h y 3h m h6 6 5 5 3 3 1 1 1 2 1 1
Ž .15 0 y m x y y m x y 2 y m x y y m x q 2h m h y h m h5 5 4 4 3 3 1 1 1 1 1 2
Ž .16 ya y m x y 2 y m x y y m x y y m h1 5 4 4 3 3 2 1 2
Ž .17 ya y m x y y m x y y m h1 5 4 4 3 1 1
Ž .18 ya y a 2 y m x q y m x y y m h q y m y1 2 6 4 4 1 3 2 1 2
Ž .19 ya y a y m x q y m x y y m h1 2 6 4 4 1 3 1
Ž .20 y2a y a 2 y m x q y m x q y m h y y m y1 2 6 3 5 1 4 2 3 1
Ž .21 y2a y a y m x q y m x q y m h1 2 6 3 5 1 4 1
Ž .22 ya y m x q y m x y y m h2 6 5 3 1 2 1
Ž .23 y2a y m x y y m x y y m y1 5 3 4 2 1 1
Ž . Ž .24 y3a y a y m x q y m h y h q y m y1 2 6 2 5 2 1 4 1
Ž .25 y2a y 2a y m x y y m y q y m y1 2 6 1 4 2 3 3
Ž . Ž .26 y3a y 2a y m 2h y h q y m y q y m y1 2 6 1 2 5 2 4 3
Ž .27 y4a y 2a y m y y y m y y y m y1 2 6 1 5 3 4 4
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TABLE B.4
weights eigenweight vector
Ž .a 2a q a w m x q w m x y 2u m x y ¤ m x q ¤ m x q ¤ m h1 2 3 6 1 5 4 1 3 3 1 4 1
Ž . Ž .b a q a w m x q w m x q 2u m x q ¤ m x q ¤ m h y h y ¤ m y1 2 4 6 1 4 3 1 2 3 1 2 4 1
Ž . Ž .c a w m x y w m x q 2u m x q ¤ m h y 2h q ¤ m y q ¤ m y1 4 5 3 4 1 1 2 1 3 2 4 3
Ž .d 0 w m x q w m x q w m x q ¤ m y q ¤ m y q ¤ m y4 4 3 3 1 1 1 1 3 3 4 4
Ž . Ž .e ya w m x q w m x q w m h y 2h y 2u m y y ¤ m y q ¤ m y1 4 3 3 2 1 2 1 1 3 4 4 5
Ž . Ž .f ya y a w m x q w m h y h y w m y q 2u m y y ¤ m y y ¤ m y1 2 4 1 3 2 1 1 2 3 1 4 y 6
Ž .g y2a y a w m h q w m y y w m y q 2u m y q ¤ m y q ¤ m y1 2 4 1 3 1 1 3 4 1 5 3 6
TABLE B.3
weight eigenweight vector
Ž .19 4a q 2a ¤ m x y ¤ m x y ¤ m x1 2 1 6 3 5 4 4
Ž .29 3a q 2a u m x y ¤ m x q ¤ m x1 2 6 3 4 4 3
Ž .39 2a q 2a w m x q ¤ m x y ¤ m x1 2 1 6 3 3 4 2
Ž .49 3a q a u m x y ¤ m x q ¤ m x1 2 5 1 4 4 1
Ž .59 2a w m x y ¤ m x y ¤ m y1 3 5 1 1 4 2
Ž .69 a w m x q u m x y ¤ m y2 1 3 2 3 1
Ž . Ž .79 2a q a w m x q u m x q ¤ m x y 2¤ m x q ¤ m h y h1 2 3 6 4 1 3 3 1 4 2 1
Ž . Ž .89 2a q a w m x q u m x q 2¤ m x y ¤ m x q ¤ m 2h y h1 2 1 5 4 1 3 3 1 4 1 2
Ž . Ž .99 a q a w m x q w m x y ¤ m x q ¤ m h y 3h q ¤ m y1 2 4 6 1 4 1 2 3 2 1 4 1
Ž . Ž .109 a q a 2w m x q u m x y ¤ m x q ¤ m h y 2h y ¤ m y1 2 1 4 3 1 2 3 2 1 4 1
Ž .119 a w m x y w m x y ¤ m h y ¤ m y y ¤ m y1 4 5 3 4 1 2 3 2 4 3
Ž .129 a w m x q w m x y u m x y ¤ m h y 2¤ m y1 4 5 3 4 1 1 1 4 3
Ž .139 0 w m x y u m h y ¤ m y4 4 1 4 4
Ž . Ž .149 0 w m x y u m h y h y ¤ m y3 3 2 1 3 3
Ž . Ž .159 0 w m x y u m 2h y h y ¤ m y1 1 1 2 1 1
Ž .169 ya w m x q w m x q w m h q ¤ m y y ¤ m y1 4 3 3 2 1 2 3 4 4 5
Ž .179 ya 2w m x q w m h y u m y y ¤ m y y ¤ m y1 4 3 1 1 1 3 4 4 5
Ž . Ž .189 ya y a w m x q w m h y 3h y w m y q ¤ m y q ¤ m y1 2 4 1 3 2 1 1 2 1 4 4 6
Ž . Ž .199 ya y a w m x y w m h y 2h q w m y q u m y y 2¤ m y1 2 4 1 3 2 1 1 2 3 1 4
Ž . Ž .209 y2a y a w m h y h y 2w m y q w m y y u m y q ¤ m y1 2 4 2 1 3 1 1 3 4 3 6
Ž . Ž .219 y2a y a w m 2h y h y w m y q 2w m y y u m y q ¤ m y1 2 4 1 2 3 1 1 3 4 1 5
Ž .229 ya w m x q u m y y ¤ m y2 3 1 2 1 3
Ž .239 y2a w m x q w m y y ¤ m y1 4 2 1 1 3 5
Ž .249 y3a y a w m y y w m y y u m y1 2 4 1 1 4 5
Ž .259 y2a y 2a w m y y w m y y ¤ m y1 2 4 2 3 3 1 6
Ž .269 y3a y 2a w m y y w m y y u m y1 2 4 3 3 4 6
Ž .279 y4a y 2a w m y q w m y y w m y1 2 4 4 3 5 1 6
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TABLE B.5
2Ž .w ¤ q w ¤ q w ¤ y u4 4 3 3 1 1
1 1 1 3Ž . Ž . Ž . Ž . Ž .0 q 13 y 14 y 15 y x q y x q y x4 4 3 3 1 17 7 7 7
10 3 18 12 2Ž . Ž . Ž . Ž . Ž .0 q 13 q 14 q 15 4 y x q y x q 3 y x q 3 y x q y x q h6 6 5 5 4 4 3 3 2 2 27 7 7 7
5 5 9 6Ž . Ž . Ž . Ž . Ž .0 q 13 q 14 q 15 2 y x q y x q 2 y x q y x q h h6 6 5 5 4 4 3 3 1 27 7 7 7
3 3 4 5 2Ž . Ž . Ž . Ž . Ž .0 q 13 q 14 q 15 y x q y x q y x q h6 6 5 5 4 4 17 7 7 7
1 1 3Ž . Ž . Ž . Ž .79 q 89 q a w x q w x y ux y h ¤3 6 1 5 4 1 44 4 4
1 1 1Ž . Ž . Ž . Ž .79 q 89 y a ux q ¤ x y x ¤4 1 3 1 34 4 4
3 1 5Ž . Ž . Ž . Ž .79 y 89 q a 2w x q w x y 2ux y ¤ x y h ¤3 6 1 5 4 1 3 2 44 4 4
1 2 1Ž . Ž . Ž . Ž .y 99 q 109 q b w x q ux y y ¤1 4 3 1 44 4 4
1 1Ž . Ž . Ž .99 q b w x q w x q ux y h ¤4 6 1 4 3 1 32 2
3 2 5Ž . Ž . Ž . Ž .99 y 109 q b 2w x q w x q 2ux q ¤ x y h ¤4 6 1 4 3 1 2 2 34 4 4
1 2 1Ž . Ž . Ž . Ž .y 119 q 129 y c w x y ux q y ¤3 4 1 3 44 4 4
1 1Ž . Ž . Ž .119 q c w x y w x q ux y h ¤4 5 3 4 1 1 12 2
5 2 1Ž . Ž . Ž . Ž .119 y 129 q c w x y 2w x q ux y ¤ h q y ¤4 5 3 4 1 1 2 2 34 4 4
Ž . Ž . Ž . Ž .139 q 149 q d 2w x q 2w x q w x y uh y y ¤4 4 3 3 1 1 2 1 1
1 3 1 1Ž . Ž . Ž . Ž . Ž .139 q 149 q 159 q d w x q 2w x q w x y uh q y ¤4 4 3 3 1 1 2 3 32 2 2 2
1 1 1 1Ž . Ž . Ž . Ž . Ž .y 139 q 149 q 159 q d w x q w x q y ¤3 3 1 1 4 42 2 2 2
1 1 1 1Ž . Ž . Ž . Ž . Ž .139 q 149 q 159 q d w x q w x q w x y h u4 4 3 3 1 1 12 2 2 2
3 2 1Ž . Ž . Ž . Ž .169 y 179 q e w x y w h q w h q y ¤3 2 1 1 1 2 4 34 4 4
1 2 1Ž . Ž . Ž . Ž .169 q 179 y e w x q w h y y ¤4 3 1 1 5 44 4 4
1 1Ž . Ž . Ž .169 q e w x q w x y w h q w h y y u4 3 3 2 1 1 1 2 12 2
3 2 1Ž . Ž . Ž . Ž .189 q 199 y f w x y w h y y ¤4 1 3 1 6 44 4 4
1 1Ž . Ž . Ž .189 q f w x q w h y 2w h y w y y y u4 1 3 2 3 1 1 2 32 2
1 2 1Ž . Ž . Ž . Ž .189 y 199 q f w h y 2w h y w y y y ¤3 2 3 1 1 2 4 14 4 4
3 1 1Ž . Ž . Ž . Ž .209 y 219 q g w h y w h y w y y y ¤4 2 4 1 3 1 6 34 4 4
1 3 1Ž . Ž . Ž . Ž .209 y 219 y g w h y 2w h y w y q y ¤4 2 4 1 1 3 5 14 4 4
1 1 1Ž . Ž . Ž . Ž .y 209 y 219 g w y y w y y y u3 1 1 3 44 4 4
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TABLE B.6
2Ž . Ž . Ž . Ž .1 x x y x x q x 16 y x y 2 y x y y x q y h1 6 3 5 4 5 4 4 3 3 2 1 2
Ž . Ž . Ž . Ž .2 2h x y h x q x x q x x 17 y x y y x q y h1 6 2 6 2 5 3 4 5 4 4 3 1 1
2Ž . Ž . Ž . Ž .3 y x y x x y x 18 2 y x q y x y y h y y y1 6 2 4 3 6 4 4 1 3 2 1 2
Ž . Ž . Ž . Ž .4 y x y h x q h x q x x 19 y x q y x y y h2 6 1 5 2 5 1 4 6 4 4 1 3 1
2Ž . Ž . Ž . Ž .5 y x y y x q x 20 2 y x q y x q y h y y y3 5 2 4 1 6 3 5 1 4 2 3 1
Ž . Ž . Ž . Ž .6 y x q y x y h x 21 y x q y x q y h5 6 1 3 1 2 6 3 5 1 4 1
Ž . Ž . Ž . Ž .7 2 y x q y x q h x y x x 22 y x q y x y y h3 6 1 5 2 4 1 3 6 5 3 1 2 1
2Ž . Ž . Ž . Ž .8 y x q y x q h x 23 y x y y x q y3 6 1 5 1 4 5 3 4 2 1
Ž . Ž . Ž . Ž .9 2 y x q y x y h x y x x 24 y x y y h q y h q y y4 6 1 4 2 3 1 2 6 2 5 1 5 2 4 1
2Ž . Ž . Ž . Ž .10 y x q y x y h x 25 y x y y y y y4 6 1 4 1 3 6 1 4 2 3
Ž . Ž . Ž . Ž .11 y x y 2 y x y y x q h x 26 2 y h y y h q y y q y y4 5 3 4 2 3 2 1 6 1 6 2 5 2 4 3
2Ž . Ž . Ž . Ž .12 y x y y x q h x 27 y y y y y q y4 5 3 4 1 1 6 1 5 3 4
Ž . Ž . Ž . Ž .19 ¤ x y ¤ x q x ¤ 229 w x q uy y y ¤1 6 3 5 4 4 3 1 2 3 1
Ž . Ž . Ž . Ž .29 ux y ¤ x y x ¤ 239 w x q w y y y ¤6 3 4 3 4 4 2 1 1 5 3
Ž . Ž . Ž . Ž .39 w x q ¤ x y x ¤ 249 w y y w y q y u1 6 3 3 2 4 4 1 1 4 5
Ž . Ž . Ž . Ž .49 ux y ¤ x y x ¤ 259 w y y w y q y ¤5 1 4 1 4 4 2 3 3 6 1
Ž . Ž . Ž . Ž .59 w x y ¤ x q y ¤ 269 w y y w y q y u3 5 1 1 2 4 4 3 3 4 6
Ž . Ž . Ž . Ž .69 w x q ux y y ¤ 279 w y q w y y y w1 3 2 1 3 4 4 3 5 6 1
TABLE B.7
2n ˆ y ¤ m x y m " ¤x y " n ˆ " y m n1 1 3 2 1 2 4 1 4 3 1 6 4
2x x y x m x y m " n x y x n ˆ m y m ¤3 5 4 4 3 1 1 1 3 1 3 1 2 3
x x y x x m " y m m n x y " n ˆ m y m n2 5 3 4 3 2 1 2 1 3 2 4 1 2 4 1
2x x y x m x y m " ¤x y m n ˆ m y m n2 4 3 4 1 3 1 3 1 4 3 1 6 3
" x y x x m " y m m ¤x y " n ˆ m y m n2 5 1 4 4 2 3 1 3 1 3 1 3 5 1
2m x y x m x y m " n x y " n ˆ n y n ¤2 4 1 5 1 4 1 1 2 2 3 1 3 4
m x y " x m x y m " ¤x y m n ¤m y m n1 3 1 2 3 1 2 1 1 3 4 2 3 1
2" x y x x m x y m ¤x y " n ˆ m y m n2 4 1 3 4 2 1 1 1 1 1 1 5 3
m x y " x m " y m m n " y m n ˆ m y m ¤1 5 1 4 5 2 4 1 1 2 2 3 1 4 5
2" x y x x m m y m ¤" y m n ˆ m y m n2 3 1 2 4 2 3 2 1 1 3 3 6 1
m x y " x m m y m m ¤" y m n ˆ m y m ¤1 4 1 3 5 2 4 3 2 3 3 3 4 6
2m x y " x m m y m ˆ x y m n m ˆ y m ˆ2 3 2 1 5 3 4 1 1 4 4 5 3 6 1
m x y " x n x y x n ˆ x y " ¤3 4 1 1 3 5 4 4 1 1 1
m x y m x n x y x n ˆ " y m n3 3 1 1 3 4 3 4 1 2 4 3
2m x y " n x y x n ˆ " y m n2 2 2 3 3 2 4 1 1 5 4
m x y " " n x y x n ˆ " y m ¤3 3 2 1 1 4 1 4 1 2 1
2x m y " n x y m n4 4 1 1 1 2 4
¤x y m n2 1 3
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